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Abstract
We construct the N = 1 supersymmetric extension of the generalized Kerr-Schild
ansatz in the flux formulation of Double Field Theory. We show that this ansatz is
compatible with N = 1 supersymmetry as long as it is not written in terms of generalized
null vectors. Supersymmetric consistency is obtained through a set of conditions that
imply linearity of the generalized gravitino perturbation and unrestricted perturbations
of the generalized background dilaton and dilatino. As a final step we parametrize the
previous theory in terms of the field content of the low energy effective 10-dimensional
heterotic supergravity and we find that the perturbation of the 10-dimensional vielbein,
Kalb-Ramond field, gauge field, gravitino and gaugino can be written in terms of vectors,
as expected.
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1 Introduction
General Relativity is a very non-linear theory and many efforts were made in order to find
exact solutions. The rotating black hole solution (the Kerr black hole) [1] was the initial
construction of a very simple and powerful ansatz called the Kerr-Schild ansatz [2]. This
ansatz consists in an exact and linear perturbation of a background metric tensor goµν of
the form,
gµν = goµν + κlµlν , (1.1)
such that κ is an arbitrary parameter that allows to quantify the order of the perturbation
and lµ is a null vector with respect to gµν and goµν i.e.
gµνlµlν = g
µν
o lµlν = 0. (1.2)
With this assumption, the exact inverse to (1.1) is
gµν = gµνo − κlµlν . (1.3)
If we ask for linearity in the e.o.m of gµν [3], then lµ is also a geodesic vector with respect
to the background metric
gµνlµ∇oν lρ = 0 , (1.4)
where ∇o is a compatible and torsion-free covariant derivative using the Levi-Civita con-
nection that depends on goµν .
The Kerr-Schild formalism has been successful in different contexts of theoretical
physics. It can be used to describe not only the Kerr black hole but also the Myers
and Perry black hole [4], Einstein-Gauss-Bonnet gravity [5], Einstein-Lovelock gravity
[6], a perturbative duality between gauge and gravity theories referred as Classical Dou-
ble Copy [7] and it has recently been applied [8] in the context of Double Field Theory
(DFT). In this work DFT [9, 10, 11, 12, 13] is understood as a rewriting of a classical
d-dimensional supergravity in a more general way such that the generalized version of the
supergravity is manifestly invariant under the action of G = O(d, d). As G is closely re-
lated to a symmetry of String Theory, DFT is often applied to reformulate supergravities
whose bosonic field content includes a 2-form bµν (or Kalb-Ramond field) and a scalar
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field φ (or dilaton) in addition to the metric tensor. These fields conform the universal
NS-NS sector of all the formulations of String Theory. The generalized field content of
DFT can accommodate the supergravity field content in multiplets of the duality group
and a generalized notion of geometry can be defined.
One of the most distinctive features of DFT is that the space-time coordinates of the
d-dimensional supergravity must be doubled,
XM = (xµ, x˜µ) , (1.5)
where M = 0, . . . , 2d − 1 and XM is a generalized coordinate in the fundamental repre-
sentation of G. The addition of the coordinates x˜µ forces the appearance of the strong
constraint,
∂M ⋆ ∂
M⋆ = 0 , ∂M∂M⋆ = 0 (1.6)
where ⋆ means any combination of fields or parameters of the theory and the contractions
are done with the G-invariant metric ηMN . From a stringy point of view, the constraint
(1.6) is related to the Fourier transformation of the Level Matching Condition when
winding modes are admitted, and written in a duality covariant way [14]. The dynamical
background metric of DFT is the generalized metric HoMN , which is a multiplet and an
element of G, i.e.
HoMPη
PQHoNQ = ηMN , (1.7)
parametrized by the background metric tensor goµν and the background Kalb-Ramond
field boµν .
The generalized Kerr-Schild ansatz was defined by K. Lee in [8] as an exact and linear
perturbation of the generalized background metric with the following form
HMN = HoMN + κK¯MKN + κKMK¯N , (1.8)
where K¯M = P¯M
NK¯N and KM = PM
NKN are a pair of generalized null vectors
ηMNK¯MK¯N = η
MNKMKN = η
MNK¯MKN = 0 (1.9)
that satisfy
K¯P∇oPKM +KP∇Mo K¯P −KP∇oP K¯M = 0 ,
KP∇oP K¯M + K¯P∇Mo KP − K¯P∇oPKM = 0 , (1.10)
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where P¯MN =
1
2
(ηMN + HMN) and PMN =
1
2
(ηMN − HMN) are used to project the
O(d, d) indices and ∇oM is a generalized covariant derivative. Relying on the previous
conditions, the e.o.m of the generalized metric can be linearized in a similar fashion to
(1.4). The ansatz (1.8) and the conditions (1.9) and (1.10) were proposed and analyzed
in the semi-covariant formalism of DFT and a perturbation for the generalized dilaton d
(parameterized by the 10-dimensional dilaton φ) was also considered.
1.1 Main Results
The main goal of this work is to construct the N = 1 supersymmetric extension of the
ansatz (1.8) in the flux formalism of DFT [15, 16]. As we include generalized fermionic
degrees of freedom, we are forced to work in the generalized background frame formalism
and fix the space-time dimension. Particularly we consider d = 10. Since we are dealing
with the same degrees of freedom as the supergravity limit of Heterotic String Theory,
we let the inclusion of gauge fields in our setup and the starting point is a N = 1 DFT
with G = O(10, 10 + n) invariance, where n = 496 is the dimension of the heterotic
gauge group [12]. We consider the leading order terms in fermions and show that N = 1
supersymmetry is compatible with the generalized Kerr-Schild ansatz as long as it is not
written in terms of generalized null vectors.
The most general linear perturbation of the generalized frame is,
EM
A = EoM
A +
1
2
κEoM
B∆B
A
EM
A = EoM
A − 1
2
κEoM
B∆AB (1.11)
where A = (A,A) are indices in O(9, 1)L×O(1, 9+n)R respectively and ∆AB is a mixed-
projected perturbation that satisfies,
∆AB = ∆AB = 0 ,
∆η−1∆ = 0 , (1.12)
in order to be consistent with the constraints of DFT. We find that (1.11) cannot be writ-
ten in terms of generalized null vectors when supersymmetry is considered and therefore
conditions (1.10) are not available to simplify the perturbation of the generalized Ricci
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scalar and/or the e.o.m of the generalized frame. We perturb the generalized background
dilaton, gravitino and dilatino in the following way,
d = do + κf , f =
∑
n
κnfn (1.13)
ΨA = ΨoA + κΘA , ΘA =
∑
n
κnΘnA (1.14)
ρ = ρo + κg , g =
∑
n
κngn , (1.15)
where n ≥ 0. With the previous setup we find that N = 1 supersymmetry only restricts
the generalized gravitino expansion,
Θn = 0 , n > 1 , (1.16)
while the perturbations of the generalized dilatino and dilaton remain unrestricted. Con-
dition (1.16) forces the following supersymmetric consistency conditions,
δ · · · δ (Θ1) = δ · · · δ (Θ2) = 0 , (1.17)
with δ a generic symmetry transformation.
As a final step we parametrize the generalized perturbations in terms of the heterotic
supergravity field content and we find,
gµν = goµν +
κ
1 + 1
2
κl.l¯
l(µ l¯ν)
bµν = boµν − κ
1 + 1
2
κl.l¯
l[µ(l¯ν] − 1√
2
jiAν]
i)
φ = φo + κf
ψa = ψoa − κ
2 + κl.l¯
l¯(alb)ψ
b
o ,
λ = λo +
κ
2
g , (1.18)
where eµa is a 10-dimensional vielbein, l¯a = e
µ
al¯µ and la = e
µ
alµ are a pair of vectors
and ψa and λ are the 10-dimensional gravitino and dilatino of the effective heterotic
supergravity. The indices µ = 0 . . . 9 and a = 0 . . . 9 are space-time and O(1, 9) Lorentz
indices respectively. In (1.18) n is not fixed by supersymmetry as happens in DFT. The
ordinary Kerr-Schild ansatz is recovered when la = l¯a. The remaining fields of the effective
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heterotic supergravity are
Aµi = Aoµi +
1√
2
κ
1 + 1
2
κl.l¯
lµji
χi = χoi − κ
2
lbjiψ
b
o , (1.19)
where Aµi is a 10-dimensional gauge connection, χ is a 10- dimensional gaugino and ji
parameterizes the perturbations when gauge fields are included. For the parametrization
of the generalized perturbations we consider
∆AB = (
2
1 + 1
2
κl.l¯
l(a l¯b)δ
ab
ab
,∆aiδ
ai
ai
) (1.20)
Θ0A = (−
1
2 + κl.l¯
l(a l¯b)ψ
b
0δ
a
a,Θ0iδ
i
i¯) , (1.21)
where ∆ai = laji and N = 1 supersymmetric consistency forces Θ0i = −12 lbjiψbo.
A very interesting aspect of (1.20) is that the supersymmetric extension of the gen-
eralized Kerr-Schild formalism can be parametrized in terms of a pair of vectors. The
supersymmetric consistency constraints of DFT (1.17) can be understood as some extra
conditions on the expansion of ψa. The transformation rule of la and l¯a is
δla = ξ
µ∂µla + lbΛ
b
a , (1.22)
δl¯a = ξ
µ∂µ l¯a + l¯bΛ
b
a (1.23)
where Λab parametrizes a O(1, 9) Lorentz symmetry and ξµ parametrizes 10-dimensional
diffeomorphisms. The previous conditions are stronger than the usual geodesic equation,
but in this case the e.o.m of gµν is no more linear in κ due to the 10-dimensional dilatonic
and fermionic perturbations.
This work is organized as follows: In section 2 we introduce the field content, the
symmetries and the action principle of N = 1 DFT for background fields. Section 3 is
dedicated to explore the supersymmetric extension of the generalized Kerr-Schild ansatz.
First we include finite perturbations on the background field content. Then we discuss
the supersymmetric consistency conditions and write schematically the action principle
and the equations of motion. In section 4 we parametrize the theory in terms of the field
content of the 10-dimensional heterotic supergravity and find the extra supersymmetric
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conditions that are necessary for consistency. We discuss about the kind of solutions that
can be found with the present formalism in section 5. As an explicit example we analyze
the d = 10 gaugino condensation in the fundamental charged heterotic string. Finally, in
section 6 we present the conclusions of the work and some future directions to explore.
2 N = 1 Supersymmetric Double Field Theory
N = 1 supersymmetric DFT is defined on a double space with coordinates XM which
transforms under the fundamental representation of the symmetry group G = O(10, 10+
n), with M = 0, . . . , 19 + n, and n the dimension of the gauge group. For instance
n = 496 if we want to encode a low energy description of heterotic supergravity in a T-
duality covariant framework. The theory is invariant under a global G symmetry which
infinitesimally reads
δGVM = VNh
N
M , (2.1)
where VM is a generic G-multiplet and h ∈ O(10, 10+n) is the G-parameter. The invariant
metric of G is ηMN ∈ G and G-invariance imposes
hMN = −hNM , (2.2)
where we use η and η−1 in order to lower and raise all the G-indices.
Another symmetry of the theory are generalized diffeomorphisms, generated infinites-
imally by ξM through the generalized Lie derivative, defined by
LˆξVM = ξN∂NVM + (∂MξN − ∂NξM)VN + fMNP ξNV P + t∂MξM , (2.3)
where VM is an arbitrary generalized tensor, t is a weight constant and fMNP are the
generalized version of the structure constants that satisfy
fMNP = f[MNP ] , f[MN
RfP ]R
Q = 0 . (2.4)
The theory is also invariant under a local double Lorentz H = O(9, 1)L×O(1, 9+n)R
symmetry generated infinitesimally by a generalized parameter ΓAB where A = (A,A)
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splitting into O(9, 1)L and O(1, 9+ n)R vector indices, A = a = 0, . . . , 9 and A = (a, i) =
0, . . . , 9 + n, i.e.,
δHVA = VBΓ
B
A , (2.5)
for a generic H-vector. The H-invariance of ηAB imposes ΓAB = −ΓBA .
Supersymmetry is parameterized by an infinitesimal generalized Majorana fermion ǫ
which behaves as a spinor of O(9, 1)L. We work at leading order in fermions, such that
supersymmetric transformation of bosons are at most quadratic in fermions, and super-
symmetric transformation of fermions are linear in fermions. The explicit transformation
rules will be discussed later.
The fundamental background fields of the theory consist in a generalized frame EoM
A
parameterizing the coset G
H
= O(10,10+n)
O(9,1)L×O(1,9+n)R
, and a generalized dilaton field do. The
action of the symmetry groups on these fields is
G HL HR Diff
EoM
A G-vector HL-vector HR-vector tensor
do G-invariant HL-invariant HR-invariant scalar(t = −12)
Consistency of the construction requires constraints which restrict the coordinate de-
pendence of fields and gauge parameters. The strong constraint
∂M∂
M⋆ = 0 , ∂M ⋆ ∂
M⋆ = 0 , fMN
P∂P⋆ = 0 , (2.6)
where ⋆ refers to products of fields, will be assumed throughout. This constraint locally
removes the field dependence on 10 + n coordinates, so that fermions can be effectively
defined in a 10-dimensional tangent space.
The frame-formulation of DFT demands the existence of two constant, symmetric and
invertible H-invariant metrics ηAB and HAB. The former is used to raise and lower the
indices that are rotated by H and the latter is constrained to satisfy
HA
CHC
B = δBA . (2.7)
The generalized background frame EMo A is constrained to relate the metrics ηAB and ηMN
and defines a generalized background metric HoMN from HAB
ηAB = E
M
o AηMNE
N
o B , HoMN = EoM
AHABEoN
B . (2.8)
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HoMN is also an element of O(10, 10 + n), i.e.
HoMPη
PQHoQN = ηMN . (2.9)
It is convenient to introduce the projectors
PoMN =
1
2
(ηMN −HoMN) and P oMN = 1
2
(ηMN +HoMN) , (2.10)
which satisfy the usual properties
P oMQP o
Q
N = P oMN , PoMQPo
Q
N = PoMN ,
PoMQP o
Q
N = P oMQPo
Q
N = 0 , P oMN + PoMN = ηMN , (2.11)
and the same can be done with ηAB andHAB to define PoAB , P oAB. We use the convention
that PoAB , P oAB and their inverses lower and raise projected indices. Since ηAB and HAB
are invariant under the action of Lˆ, G and H we find, ΓAB = 0, where ΓAB was defined
in (2.5), and
ΓAB = PA
CPB
DΓCD .
A crucial object for the consistency of the theory is the Lorentz covariant derivative.
Acting on a generic vector this derivative is defined as
∇oAVB = EoAVB + ωoABCVC (2.12)
where EoA ≡
√
2EoA
M∂M and ωoAB
C is a spin connection that satisfies
ωoABC = −ωoACB and ωoABC = ωoABC = 0 , (2.13)
in order to be compatible with ηAB and HAB respectively.
Unlike general relativity, DFT consists of a generalized notion of geometry and there
are not enough compatibility conditions to fully determine the generalized spin connection.
Only the totally antisymmetric and trace parts of ωoABC can be determined in terms of
EoM
A and do, i.e.
ωo[ABC] = −Eo[AENo BEoNC] −
√
2
3
fMNPE
M
o AE
N
o BE
P
o C ≡ −
1
3
FoABC , (2.14)
ωoBA
B = −
√
2e2do∂M
(
EMo Ae
−2do
) ≡ −FoA , (2.15)
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the latter arising from partial integration with the dilaton density.
The N = 1 supersymmetric extension of DFT is achieved by adding a couple of
generalized background spinor fields that act as supersymmetric partners of the bosonic
fields: the generalized gravitino ΨoA and the generalized dilatino ρo. Under the action of
the symmetry groups these fields behave as
G HL HR Diff
ΨoA G-invariant HL-spinor HR-vector scalar(t = 0)
ρo G-invariant HL-spinor HR-invariant scalar(t = 0)
The covariant derivative of spinor fields acquires an additional term in order to derive
the spinor indices. For instance, the covariant derivative of the generalized background
gravitino and generalized background dilatino are
∇oAΨoB = EoAΨoB + ωoABCΨoC −
1
4
ωoABCγ
BCΨoB ,
∇oAρo = EoAρo − 1
4
ωoABCγ
BCρo . (2.16)
The gamma matrices satisfy a Clifford algebra for H
{
γA, γB
}
= −2PABo , (2.17)
and we use the standard convention for antisymmetrization of γ-matrices γA...B = γ[A . . . γB].
The generalized supersymmetry transformations of the fundamental fields are param-
eterized by an infinitesimal Majorana fermion ǫ, that is a spinor of O(1, 9)L. These
transformations can be written as
δǫEoM
A = ǫγ[BΨA]o EoMB ,
δǫΨoA = ∇oAǫ ,
δǫdo = −1
4
ǫρo ,
δǫρo = −γA∇oAǫ . (2.18)
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If we now include all the symmetries described in the previous subsection, the background
fields transform as
δEMo A = ξ
P∂PE
M
o A + (∂
MξP − ∂P ξM)EPo A + EMo BΓBA −
1
2
ǫγAΨ
B
o E
M
o B ,
δEMo A = ξ
P∂PE
M
o A + (∂
MξP − ∂P ξM)EPo A + EMo BΓBA +
1
2
ǫγBΨoAE
M
o B ,
δdo = ξ
P∂Pdo − 1
2
∂P ξ
P − 1
4
ǫρo , (2.19)
δΨoA = ξ
M∂MΨoA + Γ
B
AΨoB +
1
4
ΓBCγ
BCΨoA +∇oAǫ ,
δρo = ξ
M∂Mρo +
1
4
ΓBCγ
BCρo − γA∇oAǫ .
It is straightforward to show that the previous transformation close off-shell 1 with the
following parameters
ξM12 = [ξ1, ξ2]
M
(Cf )
− 1√
2
EMo Aǫ1γ
Aǫ2,
Γ12AB = 2ξ
P
[1∂PΓ2]AB − 2Γ[1ACΓ2]CB + Eo[A
(
ǫ1γB]ǫ2
)− 1
2
(
ǫ1γ
Cǫ2
)
FoABC ,
ǫ12 = −1
2
Γ[1BCγ
BCǫ2] + 2ξ
P
[1∂P ǫ2] ,
(2.20)
where the Cf -bracket is defined as
[ξ1, ξ2]
M
(Cf )
= 2ξP[1∂P ξ
M
2] − ξN[1 ∂Mξ2]N + fPQMξP1 ξQ2 . (2.21)
The transformation rules of the background fields discussed in the previous subsection
leave the following action invariant (up to leading order terms in fermions)
SN=1 =
∫
d20Xe−2do
(
Ro + LoF
)
=
∫
d20Xe−2do
(
Ro +ΨAo γB∇oBΨoA − ρoγA∇oAρo + 2Ψ
A
o∇oAρo
)
, (2.22)
where LoF is the fermionic part of the Lagrangian and Ro is the generalized Ricci scalar,
Ro = 2EoAFAo + FoAFAo −
1
6
FoABCF
ABC
o −
1
2
FoABCF
ABC
o . (2.23)
We can notice that the previous expression is written in terms of determined components
of the generalized spin connection, even when it is obtained from a T-duality invariant
1In case of considering the full-order fermion transformations, the closure is given only on-shell.
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curvature tensor RoABCD which is not fully determined. Moreover, the covariant deriva-
tives appearing in LoF are also fully determined and therefore the full N = 1 action is
fully determined.
The N = 1 DFT action is invariant under G, H, generalized diffeomorphisms and
supersymmetry. The equations of motion obtained from (2.22), up to leading order terms
in fermions, are
RoBA + Ψ¯Co γBEoAΨoC − ρ¯oγBEoAρ− 2Ψ¯oAEoBρo = 0 ,
Ro = 0 ,
γB∇oBΨoA +∇oAρo = 0 ,
γA∇oAρo +∇oAΨAo = 0 , (2.24)
where RoBA is the bosonic part of the e.o.m of the generalized frame and the e.o.m of the
fermionic fields have been used to simplified the equations.
Up to this point, we have described the basics of N = 1 DFT for generalized back-
ground fields. In the next section we perturb these background fields, asking for a linear
perturbation of the generalized frame. This perturbation is compatible with N = 1 super-
symmetry and reduces to a generalized Kerr-Schild ansatz when supersymmetry is turned
off. Then we inspect how N = 1 supersymmetry is accomplished in the other fields of
the theory.
3 The N = 1 supersymmetric generalized Kerr-Schild
ansatz
3.1 Finite perturbations on the background fields
We consider the most general linear perturbation for the generalized frame in the flux
formalism of DFT. We start defining,
EM
A = EoM
A +
1
2
κEoM
B∆B
A
EM
A = EoM
A − 1
2
κEoM
B∆AB (3.1)
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with κ an arbitrary parameter and ∆A
B a mixed-projected perturbation that satisfies
∆AB = 0 , (3.2)
∆AB = 0 ,
∆η−1∆ = 0 , (3.3)
in order to be consistent with the constraints of DFT. There is no ambiguity in the
contractions in (3.3). The inclusion of a finite perturbation on the generalized background
frame satisfying (3.2) and (3.3) only deforms the curved version of the projectors,
PMN = EM
AENA = PoMN − κEo(MA∆BAEoN)B
P¯MN = EM
AENA = P¯oMN + κEo(MA∆
A
BEoN)
B
PAB = EMAE
M
B = PoAB
P¯AB = EMAE
M
B = P¯oAB . (3.4)
The ansatz (3.1) is compatible with N = 1 supersymmetry and reduces to the generalized
Kerr-Schild ansatz introduced in [8] when one considers
∆AB = KMK¯NE
M
AE
N
B . (3.5)
The perturbation ∆AB is a G-singlet, H-vector and a generalized scalar with weight t = 0
with respect to generalized diffeomorphisms. The generalized background dilaton can be
perturbed with a generic κ expansion,
d = do + κf , f =
∞∑
n=0
κnfn , (3.6)
with n ≥ 0. The function f is a G-singlet, a H-invariant and a scalar with weight t = 0
under generalized diffeomorphisms. The previous expansion was introduced in [8] in the
context of heterotic DFT but the expansion of the fermionic fields were not considered. As
we are interested in this last point, we mimic the structure of the generalized perturbation
of the generalized dilaton and propose
ΨA = ΨoA + κΘA , ΘA =
∞∑
n=0
κnΘnA , (3.7)
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and
ρ = ρo + κg , g =
∞∑
n=0
κngn . (3.8)
Using the conventions of the previous section it is possible to find that ΘA is a G-singlet, a
spinor of O(9, 1)L, a vector of O(1, 9+n)R and a scalar with weight t = 0 under generalized
diffeomorphisms, and g is a G-singlet, a spinor of O(9, 1)L, an invariant of O(1, 9 + n)R
and a scalar with weight t = 0 under generalized diffeomorphisms.
In the next part of this work we explicitly show how supersymmetry truncates the
κ expansions for some of the the generalized background fields in order to be consistent
with the supersymmetric extension of the generalized Kerr-Schild ansatz defined in (3.1).
3.2 Supersymmetric consistency conditions
We start analizing the supersymmetric transformation of ∆AB. Considering
δǫEMA = ǫ¯γ
[BΨA]EMB (3.9)
and proposing the κ expansions discussed in the previous section we find,
δǫ∆AB = ǫ¯γAΘB , (3.10)
where we have used
δ · · · δ(∆η−1∆) = 0, (3.11)
with δ a generic transformation. The expression (3.10) forces
Θn = 0 , n ≥ 1 . (3.12)
On the other hand (3.10) is correct up to a generalized Lorentz transformation that
can be reabsorbed in the generalized Lorentz parameter. Let us observe that the decom-
position of ∆AB in terms of null vectors KM ,K¯M is not allowed since (3.10) cannot be
solved for both vectors.
The supersymmetric transformation of ΘA is
δǫΘA =
1
2
∆BAEBǫ+
1
4κ
F˜ABCγ
BCǫ (3.13)
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where
FABC = FoABC + F˜ABC . (3.14)
Since the perturbations on the fluxes are cubic in κ, we need to impose some supersym-
metric consistency constraints on the generalized gravitino transformation. Explicitly we
have,
δǫΘ0A =
1
2
∆BAEBǫ+
1
4
(1
2
∆DAFo
D
BC −∆BDFoADC + EC(∆BA)
+
1√
2
fDBC∆
D
A +
√
2fACD∆B
D
)
γBCǫ , (3.15)
δǫΘ1A =
(1
4
∆¯B
D∆C
EFoDEA −
1
2
FoBE
D∆C
E∆DA (3.16)
+
1
2
∆B
D(ED∆CA) +
√
2
4
fADE∆B
D∆C
E − 1√
2
fDBE∆
D
A∆C
E
)
γBCǫ ,
δǫΘ2A =
(1
8
∆B
E∆C
F∆DAFo
D
EF +
√
2fDEF∆
D
A∆B
E∆C
F
)
γBCǫ , (3.17)
where we have used the following notation fABC = fMNPE
M
AE
N
BE
P
C . Therefore we
impose the following supersymmetric consistency constraints,
δ · · · δ (Θ1) = δ · · · δ (Θ2) = 0 , (3.18)
in order to reproduce a linear κ expansion for the generalized perturbed gravitino. This
requirement cannot be solved invoking (3.11) and thus (3.18) must be treated as extra
constraints on the theory. The conditions (1.10) can be rewritten with the help of (3.5)
as
0 = FABC∆
A
D∆B
B = FABC∆D
A∆BB ,
0 = fABC∆
A
D∆B
B = fABC∆D
A∆BB , (3.19)
and therefore the remaining supersymmetric constraints are
0 =
(1
4
∆¯B
D∆C
EFoDEA +
1
2
∆B
D(ED∆CA) +
√
2
4
fADE∆B
D∆C
E
)
γBCǫ . (3.20)
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By a similar argument we seek constraints in the generalized background dilatino trans-
formation,
δg = −1
2
γA∆
A
BE
Bǫ− 1
12κ
F˜ABCγ
ABCǫ− 1
2κ
F˜Bγ
Bǫ (3.21)
where
FABC = FoABC + F˜ABC
FA = FoA + F˜A , (3.22)
and
F˜ABC = −3κ
2
(∆[A
DF0D|BC] +
√
2fD[AB∆C]
D)
+
3κ2
4
(∆[A
D∆B
EF0DE|C] +
√
2f[A|DE∆B
D∆C]
E)
−3κ
3
8
(∆A
D∆B
E∆C
FF0DEF +
√
2fDEF∆A
D∆B
E∆C
F ) ,
F˜B = −2E0Bf + κ
2
(∆B
Cω0AC
A + E0C∆B
C) . (3.23)
Because of the appearance of f in the last expression, we have an infinite κ expansion
for the generalized dilatino that can be solved once the generalized dilaton is solved.
The previous statement means that the κ expansion of these fields are not restricted by
supersymmetry.
3.3 Perturbed action and equations of motion
Up to this point, we have perturbed the field content of N = 1 DFT in a consistent way.
The action of the perturbed theory must be of the same form as (2.22), i.e.
SN=1 =
∫
d20Xe−2dR +ΨAγB∇BΨA − ργA∇Aρ + 2Ψ
A∇Aρ . (3.24)
and the equations of motion up to leading order terms in fermions, are
RBA + Ψ¯CγBEAΨC − ρ¯γBEAρ− 2Ψ¯AEBρ = 0,
R = 0,
γB∇BΨA +∇Aρ = 0,
γA∇Aρ +∇AΨA = 0 . (3.25)
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Since the generalized geodesic equations introduced in (1.10) cannot be defined in
terms of ∆AB, RBA has cubic contributions of the perturbation parameter κ coming from
the generalized fluxes 2. As a consequence, the generalized equations of motions are no
longer quadratic in κ even if f = g = 0, unlike the result obtained in [8].
In the next section we proceed to parametrize the previous field content and find the
necessary conditions to obtain the N = 1 supersymmetric extension of the ordinary Kerr-
Schild ansatz in the context of the low energy effective heterotic field theory. We start
reviewing the parametrization of the background field content and then we go straight-
forwardly to the perturbative theory.
4 Reduction to N = 1 supergravity
4.1 Parameterization of the background field content
We start by splitting the G and H indices as M = (µ, µ, i) and A = (A,A) with A =
a, A = (a, i), respectively, µ,
µ , a, a = 0, . . . , 9, i, i = 1, . . . , n. The parametrization of the
fundamental background fields of N = 1 DFT must respect all the constraints of the
theory. The generalized background frame is an O(d, d+n) element, so it is parametrized
in the following way,
EMo A =


Eoµa E
µ
o a E
i
oa
Eoµa E
µ
o a E
i
oa
Eoµi E
µ
o i E
i
oi

 =
1√
2


−eoµa − Coρµeρoa eµo a −Aoρieρoa ,
eoµa − Coρµeρoa eµo a −Aoρieρoa√
2Aoµie
i
i 0
√
2eii

 , (4.1)
where eoµa and eoµa satisfy
eoµaη
abeoνb = eoµaη
abeoνb = goµν , (4.2)
with ηab the ten dimensional flat metric, a, b = 0, . . . , 9, Coµν = boµν +
1
2
AioµAoνi, with A
i
oµ
being the gauge connection. The invariant projectors of DFT are parametrized in the
following way
Pab = −ηabδaaδbb, P ab = ηabδaaδbb, P ij = eiiκijejj = κij , (4.3)
2Higher order terms are identically null.
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where κij and κi¯j¯ are the Cartan-Killing metrics associated with the SO(32) or E8 × E8
heterotic gauge group. The gauge fixing (4.2) imposes
δeoµa = δeoµa, (4.4)
and therefore the parametrization of the components of the generalized Lorentz parame-
ters are not independent
Γabδ
ab
ab =
(−Λab + ǫ¯γ[aψob]) ,
Γabδ
ab
ab = Λab , (4.5)
where Λab denotes the generator of the O(1, 9) transformations. We also impose δE
i
i = 0
and δEµi = 0 which leads to
Γij = fijkξ
kδi
i
δj
j
and Γai = −Γia =
1
2
√
2
ǫγaχoi δ
a
a δ
i
i
, (4.6)
where we have parameterized the generalized gravitino field as
ΨoA = (0, e
µ
o aψoµ,
1√
2
eiiχoi) . (4.7)
The structure constants are trivially incorporated,
fMN
P =


fij
k for M,N, P = i, j, k
0 otherwise.
(4.8)
In addition we parameterize
ξM = (ξµ, λµ, ξ
i) , (4.9)
where the parameter ξµ is associated with the usual Lie derivative, defined as
Lξvµ = ξν∂νvµ + (∂νξµ)vν , (4.10)
with vµ a generic vector. The parameter λµ parameterizes the abelian gauge symmetry
of the background Kalb-Ramond field,
δλboµν = 2∂[µλν] , (4.11)
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while ξi is the non-abelian gauge parameter. On the other hand, the parametrizations of
the generalized background dilaton and dilatino are
d = φo − 1
2
log
√−go ,
ρ = 2λo + γ
aψoa . (4.12)
The γ-functions γa = γaδaa verify the Clifford algebra
{γa, γb} = 2ηab (4.13)
and the supersymmetric transformation rules of the background field content are
δǫeoµ
a =
1
2
ǫ¯γaψoµ , δǫψoµ = ∂µǫ− 1
4
w
(+)
oµabγ
abǫ ,
δǫboµν = ǫ¯γ[µψoν] +
1
2
ǫ¯γ[µχ
i
oAoν]i , δǫλo = −
1
2
γa∂oaφoǫ+
1
24
Hoabcγ
abcǫ ,
δǫφo = −1
2
ǫ¯λo , δǫA
i
oµ =
1
2
ǫ¯γµχ
i
o , δǫχ
i
o = −
1
4
F ioµνγ
µνǫ (4.14)
where
w
(±)
oµab = −eµo [aeνo b]∂µeoνc + eµo [aeνo c]∂µeoνb + eµo [beνoc]∂µeoνa ±
1
2
Hoµνρe
ν
oae
ρ
ob ,
Foµν
i = 2∂[µAoν]
i − f ijkAjoµAkν ,
Hoabc = = 3e
µ
oae
ν
obe
ρ
oc
(
∂[µboνρ] − Aio[µ∂νAoρ]i +
1
3
fijkA
i
oµA
j
oνA
k
oρ
)
.
The transformations (4.14) leave the low energy effective heterotic action invariant
So =
∫
d10x eo e
−2φo
[
Ro − 1
12
HoµνρH
µνρ
o + 4∂µφo∂
µφo − 1
4
tr(FoµνF
µν
o )
−ψ¯oµγµνρDνψoρ + 4λ¯oγµνDµψoν + 4λ¯oγµDµλo − 1
2
tr(χ¯o /Dχo)
+ 4ψ¯oµγ
νγµλ∂νφo − 2ψ¯oµγµψνo∂νφo −
1
4
χ¯oiγ
µγνρF ioνρ
(
ψoµ +
1
3
γµλo
)
+
1
24
Hoρστ
(
ψ¯oµγ
[µγρστγν]ψoν + 4ψ¯oµγ
µρστλo − 4λ¯oγρστλo + 1
2
χ¯ioγ
ρστχoi
)]
.
(4.15)
The conventions for the Riemann tensor are
Rρoσµν = e
ρa
o eoσ
bRoµνab = e
ρa
o eoσ
b
(−2∂[µwoν]ab + 2wo[µ|acwo|ν]cb) , (4.16)
and therefore the Ricci scalar is
Ro = Roµν
abeµo ae
ν
ob . (4.17)
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4.2 Parameterization of the perturbations
In section (3) we introduce the supersymmetric extension of the generalized Kerr-Schild
ansatz in the flux formalism of DFT. Now we proceed with the parametrization of the
perturbations of the generalized fields.
We start by considering that both components of the generalized frame
EMA = EoMA +
κ
2
∆BAE0M
B
EMA = EoMA − κ
2
∆ABE0M
B (4.18)
are O(10, 10 + n) elements. So we can parametrize them as
EMA =


Eµa E
µ
a E
i
a
Eµa E
µ
a E
i
a
Eµi E
µ
i E
i
i

 =
1√
2


−eµa − Cρµeρa eµa −Aρieρa ,
eµa − Cρµeρa eµa −Aρieρa√
2Aµie
i
i 0
√
2eii

 (4.19)
where eµa and eµa satisfy
eµaη
abeνb = eµaη
abeνb = gµν . (4.20)
Condition (4.4) forces
∆AB = (∆abδ
ab
ab
,∆aiδ
ai
ai
) , (4.21)
where ∆ab is a symmetric perturbation that verifies
∆abg
bd∆cd +∆aiκ
ij∆cj = 0 , (4.22)
and
∆aig
ab∆bj = 0 ,
∆aig
ab∆bc = 0 ,
∆aig
ab∆bj = 0 . (4.23)
The previous parametrization can be decomposed in the following way,
∆ab = (
1
1 + 1
2
κl.l¯
)la l¯b , (4.24)
∆ai = (
1
1 + 1
2
κl.l¯
)laji , (4.25)
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where la = e
µ
alµ is the rotation of the null vector associated to the perturbation of the
metric (1.1), that satisfies
laη
ablb = 0 , (4.26)
and l¯a is an auxiliary vector that satisfies a relaxed null condition,
l¯aη
ab l¯b + jiκ
ijjj = 0 . (4.27)
A very interesting aspect of (4.25) is that the supersymmetric extension of the Kerr-
Schild formalism can be done in terms of a pair of vectors, as we are going to verify.
Using (4.19) and recalling that the generalized frame is an element of O(10, 10 + n) it is
straightforward to find,
gµν = goµν +
κ
1 + 1
2
κl.l¯
l(µ l¯ν)
bµν = boµν − κ
1 + 1
2
κl.l¯
l[µ
(
l¯ν] − 1√
2
Aν]
iji
)
Aµi = Aoµi +
1√
2
κ
1 + 1
2
κl.l¯
lµji . (4.28)
From the previous expression we note that the standard Kerr-Schild ansatz can be ob-
tained in the case la = l¯a. On the other hand, the perturbation of the 10-dimensional
gravitino is
ψa = ψoa + κΘ0a . (4.29)
The supersymmetric transformation of la and l¯a in terms of ∆ab can be read from
(3.10). When we parametrize it we find,
δǫ∆ab = ǫ¯γaΘ0b +
1
2
∆cbǫ¯γaψoc , (4.30)
where the second term comes from the gauge fixing (4.5) of the double Lorentz parameters.
In this point we identify
Θ0a =
−1
4(1 + 1
2
κl.l¯)
(l¯alb + l¯bla)ψ
b
o , (4.31)
to finally obtain
δǫ∆ab = 0 . (4.32)
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This requirement allows to decompose ∆ab in terms of a pair of vectors. Moreover the
transformation rule of the latter is,
δla = ξ
µ∂µla + lbΛ
b
a (4.33)
δl¯a = ξ
µ∂µ l¯a + l¯bΛ
b
a. (4.34)
In the previous expressions we recognise a scalar transformation with respect to diffeo-
morphisms and a local Lorentz transformation. It is important to stress that (4.33) and
(4.34) do not receive a supersymmetric transformation since both vectors are on equal
foot. Moreover if both of them receive a supersymmetric transformation, then we would
not be able to explicitly write δǫl(l) and δǫl¯(l¯), and then we were forced to work with a
∆ab perturbation as happens in the DFT scheme. In consequence we demand (4.32) in
order to recover the supersymmetric extension of the parametrization of the generalized
Kerr-Schild ansatz in terms of l and l¯.
As we discussed in the previous section, the perturbation of the dilaton and dilatino
are not constrained by supersymmetry,
φ = φo + κf ,
λ = λo +
κ
2
g . (4.35)
However here we remark that these fields cannot be perturbed separately or using different
orders in κ for each perturbation. Finally using δǫji = 0, the perturbation of the gaugino
is constrained in the following way
χi = χoi − κ
2
lbjiψ
b
o . (4.36)
5 Application of the model
5.1 Supergravity solutions
The generalized Kerr-Schild ansatz is a powerful tool which consists in an exact pertur-
bation of a background metric tensor goµν , a background gauge field Aoµi, a background
antisymmetric tensor boµν and a background scalar field φo using a pair of null vectors la
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and l¯a
3, that coincides with the ordinary Kerr-Schild ansatz when
la = l¯a . (5.1)
As discussed before this scheme can be written in terms of multiplets of O(d, d + n)
doubling the coordinates of the space and imposing the strong constraint. Here we present
the N = 1 supersymmetric extension of this formalism considering d = 10. The latter
provides a formulation that can be solved to extend supergravity solutions.
The N = 1 supersymmetric extension of a generic supergravity solution consist in
an exact perturbation of the supersymmetric degrees of freedom. For instance, a generic
perturbation of a gravitino field is
ψa = ψoa + κΘoa , (5.2)
where Θa is a generic spinorial proposal. In principle, the compactification of these kind
of solutions in a T k cannot be written in terms of O(k, k) multiplets [14] and therefore
the DFT rewriting cannot be performed in arbitrary circumstances. If we are interested
in obtaining such rearrangement of the field content, then Θa must be related with l and
l¯ through
Θ0a =
−1
4(1 + 1
2
κl.l¯)
(l¯alb + l¯bla)ψ
b
o , (5.3)
as we computed in the previous section. In other words, the perturbations of a super-
gravity model can be strongly constrained by T-duality before compactification, and DFT
provides a systematic method to obtain these constraints.
5.2 Gaugino condensation
It is well known that Poincare´ invariance requires the expectation values of the individual
fermions to vanish, which does not need to be the case for fermion bilinears such as
Σµνρ = c tr
(
χ¯γµνρχ
)
. (5.4)
3In Kerr-Schild heterotic supergravity l¯ is a relaxed null vector cf. (4.27).
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with c a constant. These kind of terms can be considered as a deformation of the H-flux
in heterotic supergravity. The gaugino bilinear (5.4) does not change the Bianchi identity
of the H-flux up to order α′ 4 [17],
dH − 1
4
(
tr(R−)2 − tr(F 2)
)
= 0 , (5.5)
where R− is a Riemann tensor constructed with the torsionful spin-connection [18]. With
a non-trivial gaugino bilinear the natural definition for the H-flux is,
H˜µνρ = Hµνρ + Σµνρ . (5.6)
A generic Kerr-Schild ansatz for these kind of models admits perturbations in the gaugino
field. However, if we are interested in rewriting the theory using DFT, the gaugino cannot
be perturbed
Θoi = 0 , (5.7)
since duality forces (4.36). Equation (5.7) partially simplifies the supersymmetric contri-
butions to the action and equations of motion of the fields.
The dynamics of the fermionic sector of the heterotic supergravity when the generalized
Kerr-Schild ansatz is considered, is dictated by the equations of motion which can be
obtained from (4.15) as we show in appendix A. We work with background gaugino
condensation, i.e. χi = χoi when bilinears of this field appears and we consider exact
perturbations in the bosonic degrees of freedom.
Let us start by considering the bµν e.o.m admitting gaugino condensation,
∆bµν = −DρφoHρµν + 1
2
DρHρµν +
1
4
Dρφ
(
1
2
χ¯ioγρµνχoi
)
−1
8
Dρ
(
1
2
χ¯ioγρµνχoi
)
. (5.8)
In view of (5.4) we set c = −1
8
and the 3-form now is defined as
H˜µνρ = Hµνρ − 1
8
tr
(
χ¯oγµνρχo
)
. (5.9)
4Note that in this work we have used units such that α′ = 1.
24
Next we write the e.o.m of the dilaton, gauge field and metric in terms of the curvature
(5.9),
∆φ = R− 1
12
H˜µνρH˜
µνρ + 4∂µφ∂
µφ− 1
4
tr(FµνF
µν) ,
∆Aµ
i = Aρ
i∆bρµ +
1
2
H˜µ
νρFνρ
i − 2DνφFνµi +DνFνµi ,
∆gµν = Rµν + 4DµφDνφ− 1
4
H˜µλρH˜ν
λρ − 1
2
FµλiFν
λi . (5.10)
We stress that other bilinear combinations also preserve Lorentz invariance, making possi-
ble different kind of fermionic condensation in heterotic supergravity. In the next section
we explore the supersymmetric extension of the fundamental charged heterotic string in
d = 10. In this solution the gauge field mimics a generalization of the Coulomb potential,
and a non-trivial gaugino condensation is the most simple supersymmetric extension to
the formalism.
5.3 Fundamental charged heterotic string
In order to include the gaugino condensation in a particular generalized Kerr-Schild solu-
tion, let us elaborate on the N = 1 supersymmetric extension of the fundamental charged
heterotic string solution [19],
ds2 =
1
1 +NH(r)
(−dt2 + (dx9)2) + q
2H(r)
4N(1 +NH(r))2
(dt+ dx9)2 +
8∑
i=1
dxidxi , (5.11)
where H(r) is a Green function and N is a constant. The non-vanishing components of
the two form and gauge field are
b9t =
NH(r)
1 +NH(r)
, (5.12)
A10 = A
1
9 =
qH(r)
1 +NH(r)
, (5.13)
with q a charge and φ = −1
2
ln(1 + NH(r)). If we want to write this solution in its
generalized Kerr-Schild form we need to introduce the ϕ function in the ansatz redefining
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κDFT → κϕ. Then we identify,
l = dt+ dx9 ,
l¯ = −dt + 4N
2 − q2
4N2 + q2
dx9 ,
j1 =
4qN
4N2 + q2
(5.14)
and
κϕ =
(4N2 + q2)H
4N
. (5.15)
The identification (5.15) is related with the effective charge of a higher-dimensional gen-
eralization of the Coulomb potential for the single copy of this solution [8].
We can consider a fermionic condensation for this setup computing the curvature of
the 2-form and including the contribution (5.4) for this model,
H˜it9 = ∂ibt9 − 1
8
tr(χ¯oγit9χo) . (5.16)
Dynamics for this geometry is dictated by equations (5.10) and theN = 1 supersymmetric
DFT rewriting is possible in this scenario, where the background generalized metric is the
only generalized perturbed field, since the generalized dilaton remains unperturbed.
6 Conclusions
In this work we present the supersymmetric extension of the Generalized Kerr-Schild
ansatz in the flux formulation of N = 1 supersymmetric DFT. This ansatz is compatible
with N = 1 supersymmetry as long as it is not written in terms of generalized null vectors.
We find that imposing a set of supersymmetric consistency conditions the perturbation
of the generalized gravitino is linear in κ. The perturbations of the generalized dilaton
and dilatino have no restrictions.
When we parametrize the theory in terms of the field content of the low energy effective
heterotic supergravity, we find linear perturbations for the 10-dimensional vielbein, Kalb-
Ramond field, gauge field, gravitino and gaugino in terms of a pair of vectors and an
unrestricted perturbation for the 10-dimensional dilaton and dilatino. Moreover, the
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supersymmetric conditions found in the N = 1 DFT framework must be supplemented
with extra consistency conditions. However linearity in the e.o.m of gµν cannot be achieved
when supersymmetry is turned on.
The present results open the door to future directions:
− α′ Corrections
Finding all the 2-derivative deformations to the DFT action was addressed in [20]
and then fully studied in several works [21]. In [20], a biparametric family of duality
covariant theories was introduced. Some of them are low energy effective field the-
ories of string theories but some of them are not (the main example is the so-called
HSZ theory [22]). Exploring the Generalized Kerr-Schild ansatz in all these theories
is straightforward with the results of this work.
− Extended Kerr-Schild
Extended Kerr-Schild (xKS) [23] is a possible deformation of the Kerr-Schild anzast
which consists in a linear perturbation using 2 null vectors and the inverse metric
tensor receives an exact and second-order perturbation. Implementing this kind of
more general but exact ansatz in the context of N = 1 DFT would allow to describe
a wide range of heterotic supergravity solutions in a duality covariant way.
− Classical Double Copy
The conventional Kerr-Schild formalism is used to extend the double copy structure
of gravity scattering amplitudes to the level of the classical equations of motion [7].
In [8] the massless sector of supergravity is included based on the generalized Kerr-
Schild ansatz and some aspects of the compatibility of the classical double copy and
supersymmetric flat backgrounds were discussed. The present work introduces a way
to explore the relation between the classical double copy and general supersymmetric
backgrounds associated with the field content of heterotic supergravity.
− Maximal supersymmetry
The proper framework to address the generalized Kerr-Schild ansatz in duality co-
variant theories with maximal supersymmetry is Exceptional Field Theory (EFT)[24].
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In this context it would be possible to consider a generalized and maximal super-
symmetric Kerr-Schild ansatz in a d = 3 space-time with E8(8) duality, a d = 4
space-time with E7(7) duality or a d = 5 space-time with E6(6) symmetry. The
way to uplift the formalism considered here to the maximal theory is not straight-
forward since the field content of these kind of theories are not multiplets of the
exceptional groups and compatibility between dualization and the generalized Kerr-
Schild ansatz must be firstly studied.
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A Background equations of motion
Here we present the equations of motion for the background field content of heterotic
supergravity obtained from generic variations of (4.15). We start with the bosonic sector.
∆φo = −2L + 8ψoµγνγµλoDνφo − 4Dνψoµγνγµλo − 4ψoµγνγµDνλo − 4ψoµγµψνoDνφo
+2Dνψoµγ
µψνo + 2ψoµγ
µDνψ
ν
o (A.1)
∆Goµν =
1
4
goµν∆φo +Roµν + 4DµφoDoνφo − 1
4
HoµλρHoν
λρ − 1
2
FoµλiFoν
λi
−2goµνψoργλγρλoDλφo + goµνDλψoργλγρλo + goµνψoργλγρDλλo + goµνψoργρψλoDλφo
−1
2
goµνDλψoργ
ρψλo −
1
2
goµνψoργ
ρDλψ
λ
o − ψo(µγν)λρDλψoρ + ψoλγ(µλρDν)ψoρ
−ψoλγ(µ|λρDρψo|ν) + 4λoγ(µρDν)ψoρ − 4λoγ(µ|ρDρψo|ν) + 4λoγ(µDν)λo −
1
2
χioγ(µDν)χoi
+4ψ(µγ
ργν)λoDρφo + 4ψoργ(µ|γ
ρλoD|ν)φ− 2ψ(µγν)ψρoDρφo − 2ψoργρψo(µDν)φo
−1
4
χoiγ(µ|γ
λρFoλρ
i
(
ψo|ν) +
1
3
γ|ν)λo
)
− 1
2
χoiγ
λγ(µ|
ρFo|ν)ρ
i
(
ψoλ +
1
3
γλλo
)
+
1
8
Ho(µ|
στ
(
ψoργ
[ργ|ν)στγ
λ]ψoλ + 4ψoργ
ρ
|ν)στλo − 4λoγ|ν)στλo + 1
2
χioγ|ν)στχoi
)
+
1
24
Hoρστ
(
ψoµγ[νγ
ρστγλ]ψ
λ
o − ψ
λ
oγ[νγ
ρστγλ]ψoµ + 4ψoµγν
ρστλo
)
(A.2)
∆boµν = −DρφoHoρµν + 1
2
DρHoρµν
+
1
4
Dρφo
(
ψoλγ
[λγρµνγ
σ]ψoσ + 4ψ
λ
oγλρµνλo − 4λoγρµνλo +
1
2
χioγρµνχoi
)
−1
8
Dρ
(
ψoλγ
[λγρµνγ
σ]ψoσ + 4ψ
λ
oγλρµνλo − 4λoγρµνλo +
1
2
χioγρµνχoi
)
(A.3)
∆Aoµ
i = Aoρ
i∆bρoµ +
1
2
Hoµ
νρF ioνρ − 2DνφoF ioνµ +DνF ioνµ −
1
2
χjoγ
µχkof
i
jk
−Dνφo
(
χioγργνµ
(
ψρo +
1
3
γρλo
))
+
1
2
Dν
(
χioγργνµ
(
ψρo +
1
3
γρλo
))
−1
8
F νρio
(
ψoσγ
[σγµνργ
λ]ψoλ + 4ψ
σ
oγσµνρλo − 4λoγµνρλo +
1
2
χjoγµνρχoj
)
(A.4)
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The equations of motion of the (adjoint) fermionic fields are
∆ψµo = −γµνρDνψoρ − 2γµνρψoνDρφo + γµνρDρψoν + 4γµγνλoDνφo
−4γµνDνλo − 2γµψνoDνφo + 2γνψoνDµφo −
1
4
γµγνρχoiF
i
oνρ
−γνχoiFoνµi − 1
16
Hµρσo (γνρσψ
ν
o + 8γσψoρ)
− 1
48
Hoρστ (4γ
νρστµψoν − 3γστµψρo − 8γµρστλo) (A.5)
∆λo = 4γ
µνDµψoν + 8γ
µDµλo − 8γµλoDµφo + 4γµγνψoµDνφo
− 1
12
Foνρ
iχoiγ
µγνργµ +
1
6
Hoρστ (γ
µρστψoµ − 2γρστλo) (A.6)
∆χio = γ
µχioDµφo − γµDµχio −
1
4
γµνρψoµF
i
oνρ −
1
2
γρψνoF
i
oνρ
−1
3
γνρλoF
i
oνρ +
1
24
Hoρστγ
ρστχio (A.7)
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